Math 8110 (Spring 2019) Homework 5 Trevor Squires

1. Consider the conjugate direction methods:
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For any starting point xg € R™, prove that x is the global minimizer of f(x) = %XTAX —
bx over xg + span{pg, P1,- .-, Pr—1}. (Hint: consider h(c) := f(x¢ + copo + c1p1 + -+ - +
Ck—1Pk—1)-)

Solution. Define P = [po pk_l] and ¢! = [co ck_ﬂ. Consider the function
h(c) = f(xo + Pc). Taking gradient with respect to ¢, we see that

Vh(c) = PIV f(xzo + Pc)
Letting ¢; = o; as constructed in the conjugate direction method, we see that
Vh(c) = PV f(xy)
Recall that V f(xy) = Axg — b = 1. Then,
Vhic)=Plr,=0

Since h is a convex function, our choice of ¢ as in the conjugate direction algorithm is a
global minimizer of h. Thus, x; minimizes f over xo + span{po,...,Pg—1}-

2. Use the KKT conditions to solve the following constrained optimization problem:

min T1T2

St. zi4a3<1

Solution. Note first that z and y are symmetric. That is, each solution listed below is
actually a pair of solutions. The KKT conditions for the optimization are

i+ 23 <1
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The case ¢ = 0 admits the solution z = (0,0). The case p # 0 leaves (x,pu)
(\/5 V2 1) and (\ﬁ V2 1 2

=%, 5 Y7, %57, 5). Comparing the two solutions, it follows that x = (%%, —

is the optimal solution (up to symmetry).
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3. Consider the following minimization problem:

min  f(x) (P
St. xeS
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where
S={xeX|gx)<0,i=1,....,m},

X is a nonempty open set in R® and f : R - R and ¢g; : R*" — R,i = 1,...,m are
differentiable functions. Let X be a feasible point and let I := {7 ] g;(X) =0} be the
index set of active constraints at x. Define

Fo:={deR"|Vfx)Td <0} and G := {d e R"\ {0} | Vg;(x)Td <0, ie T}

as in class. Prove that x is a KKT point if and only if Fy NGf, = (). (Hint: Apply Farkas’
Lemma.)

Proof. Let x be a feasible point with Fy N G, = () and I be the set of active inequality
constraints. It follows that, Vf(%)Td < 0 and Vg;(X)Td; < 0 for all i € I is not solvable.
Since this system has no solution, 3w > 0 such that the system defined by V f(%x)?d+w < 0
and Vg;(x)Td; < 0 for all i € I also has no solution. That is, the following has no solution
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Applying Farkas’s Lemma, it follows that the system

Vi®) 0 0
ATy = 0 Vgr(x)" [y] = (0| =¢
1 0 yr1 1

has a solution. That is,

VIET+> 4iVa T =0

i€l
with y; > 0 for all 7 € I. Thus, x satisfies the dual feasibility of the KKT conditions. The
complementary slackness conditions are satisfied trivially. So x is a KKT point. O

4. Suppose that linearity constraint qualification is satisfied for problem (P). Prove that if
% is a locally optimal solution, then x is a KKT point.

Proof. Define the following sets

Fy:={deR":Vf(x)ld<0}
D:={d#0:x+ X € SVX € (0,6) for some 6 > 0}
b= {d e R"\{0}: Vg;(x)Td <0,Vie I}

Since x is a local optimal solution and f is differentiable at X, by Theorem 1 it follows that
FynD = (. Since each g; is affine, they must be concave. Thus, by lemma 2, G, = D.
So Fy NG = 0 and x is a KKT point follows from the equivalent conditions proved in
question 3. ]
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5. Consider problem (P) and assume that X = R". In general, solving a KKT system is
not an easy task. However, given a primal solution X, it is easy to check whether x is a
KKT point. Given the fact that a linear program is easy to solve, explain how to check
whether x is a KKT point.

Solution. Given a primal solution, to determine if X is a KKT point, it suffices to find
a solution p such that p satisfies complementary slackness and dual feasibility. Any
feasbility problem, as the one constructed here, can be modeled as the optimization
problem

min 0
Sit. wiVgr(x) =0
VAR + ) Vi) =0
i€l
pu =0

Since the program is linear in the decision variables p;, determining if X is a KKT point
is a simple as solving a linear program, which is easy.

6. Check whether x = (1,2,5)7 is a KKT point of

min 2x% + x% + 2x§ + 123 — 122 + 21 + 223
St. azi+xi— 23<0

T, + x9 + 223 < 16

1+ 22 >3

r1, T2, x3 > 0.

Solution. Since the first and last constraints are active at X, to determine if x is a KKT
point, it suffices to check whether or not

VI(x) +m11Vgi(x) + usVgs(x) =0

has a solution with u1, 3 > 0. That is, we need to check if

8+2u —p3=0
3+4u; —ps=0
23—#120

has a solution, and it does not.



